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What to do with a large sample of data

• Repeated measurements yield a distribution of data

• Spread in the data has two possible origins 
– fluctuations in the measured quantity
– random error in the measurement

• Simple measures include the mean, standard deviation, 
standard error of the mean, and correlation.
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Mean and Standard Deviation
Defined for any distribution (Gaussian or not)

Mean:

Mean-square:                             (a.k.a. ‘second moment’)

Variance*:

(mean of the square minus the square of the mean)
* (sometimes the normalization is different:                    .)

Standard deviation: σx
A good measure of uncertainty.
Roughly, the half-width of the distribution of values, P(x)

Probability distribution function, P(x)
P(x) dx = probability that a measurement of x will provide a value

in the range of x ± dx.  Units of P are [x]-1
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Quantum mechanics

Heisenberg Uncertainty Principle: 
Δpx Δx ≥ ħ/2

But what is Δx??

Δx = √‚x2Ú-‚xÚ2  ,
where ‚xÚ is the expectation value, ψ∗(x) x ψ(x) dx ,

and ‚x2Ú = ψ*(x) x2 ψ(x) dx.
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(mean, standard deviation, etc. appear in many places)
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The Gaussian Probability Distribution Function
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Karl Friedrich Gauss (1777-1855)

P(x)

‚xÚ

σ 68% of area lies within ±1σ of ‚xÚ

●“bell curve” or “normal” distribution.

● The Gaussian probability distribution function (pdf):

‚xÚ = mean  (same value as mode and median)
σx

2 = variance
σx= standard deviation (68% probability that the next 

measurement of x will be in the range ‚xÚ ± σx.) 

● Normalized to 1
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● Probability (P) that x is in the range [a, b] is

● The integral for arbitrary a and b cannot be evaluated analytically.
(It is related to the ‘error function’)

We can associate a probability for a measurement to be |mσx|
from the mean just by calculating the area outside of this region. 

m Prob. that x is outside ‚xÚ±mσx
0.67 0.5
1 0.32
2 0.05
3 0.003
4 0.00006
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A Bit of Mathematical Detail:
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Why are Gaussians so common?
A crude statement of Central Limit Theorem:

The result of adding many independent (uncorrelated) numbers tends to follow a 
Gaussian distribution.

A more exact statement:
Let Y1, Y2,...Yn be an sequence of n independent random variables,

each with the same probability distribution.

Let x =          

If ·xÒ and σx are finite, then as n →∞, the distribution of x-values becomes 
a Gaussian:

(but in practice, P ö Gaussian even for modest n)
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a) random walk (displacement = sum of steps)
b) # radiactive decays during a long time interval
c) average value of 10 throws of dice.
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Illustration of the Central Limit Theorem
Histograms:

A) 5000 random numbers B) 5000 pairs: x = Y1 + Y2

C) 5000 triplets: x = Y1 + Y2 + Y3 D) 5000 12-plets

(n = 1) (n = 2)

(n = 3) (n = 12)

Y x

x x

σx = √n σY

count
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Another example: A Random Walk, ·xÒ and σx

Take steps of 1m  to right or left.  That is, Yi = ± 1
Q: What is the displacement, x,  after n steps?

A: , but this is not terribly useful because the answer is 
different for each measurement.

A better question: “what’s the average of x over many 25-step walks?”

Q: If we measure x again, how close will it be to the average?
A: Within the std. deviation of x (with 68% prob.)

More generally, σx = √n σY
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are uncorrelated.

Also apparent from the rule for 
propagating error when adding.
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…Random Walks: a numerical example

x =            , where Yi = ±1.  Here I chose n = 25 (i.e., 25 steps per trajectory)∑
=

n
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Calculate x many times (N times) and histogram the x-values:

0.00525.06-0.0039106

0.01624.810.0032105

0.05124.860.037104

0.1625.630.087103

0.5530.69-0.35100

Std error 
of mean

σx
2the mean, 

‚xÚ
N

Conclusions: 
● when N ~103 or larger, P(x) looks Gaussian (for n=25).
● σx

2 ~ nσY
2 = 25, as expected.

● ‚xÚ = 0, within the std. error of the mean.

N=106

105

104

103

102
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Standard error of the mean
● Measure ·xÒ from N measurements of x (i.e., many random walks):

● How precise is this answer?  Would another N trajectories give the same ‚xÚ?  

Std. error of the mean of x =           =

What does it mean?
●The next time someone measures x (just one measurement), there is a 68% probability that 

it lies in the range ‚xÚ± σx
●The next time someone measures ‚xÚ, there is a 68% probability that the answer will lie in 

the range ‚xÚ± σx/√N.
●To measure ‚xÚ, the more measurements the better!
●(This formula requires that the measurements must be uncorrelated and that N is large.)
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[std. dev. of one measurement of x]
√[number of independent measurements of x]*

*more properly, this should be √(N-1), but the difference is usually small.

σx

√N
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Correlations

The correlation of two parameters (a,b) has a specific meaning in statistics:
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Example: does a person’s weight correlate with their 
height? 

190.672.05

185.579.14

204.064.13

116.952.92

124.565.71

Weight 
(lb)

Height 
(inches)

ID# of 
person

a = height.
b = weight.
From the given (fake) data, I get Cab = 0.50 
(yes, they are correlated, but not perfectly)

If Cab = 1, they are perfectly correlated. 
(e.g. diameter and circumference of perfect circles.  Or Caa)

If Cab = 0, they are uncorrelated, or completely independent.
(e.g. number of letters in a person’s name and the day of the month on which they were born.)

If Cab = −1, they are anticorrelated: if one increases, the other decreases.
(e.g., the heights of two children on a see-saw.) 

1 ≥ Cab ≥ −1




